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1 Introduction
It is well known that the spin dynamics of the Kondo problem is equivalent
to the dynamics of the spin chain with magnetic impurities[1]. Much progress
has been made by using renomalization-group technique, conformal field theory
and exact diagonalization method(Ref.[2-9]).
Magnetic impurities play an important role in the one-dimensional strongly
correlated electron systems. However, the impurity usually destroys the in-
tegrability when it is embedded into the ”pure”quantum chain. So it is a
challenging problem to deal with impurity effects in integrable models without
losing the integrability.The quantum inverse scattering method and the Bethe
ansatz technique have been powerful tools to study 1-dimensional integrable
impurity problems, such as supersymmetric U model[26] and t− j model with
impurities (Ref.[6-9]).
Andrei and Johannesson were the first group who considered the integrable
impurity problem of the Heisenberg chain with periodic boundary condition[10]
. Then Lee and Schlottmann generalized their result to arbitrary spin impurity[11, 22].
But They have to present some unphysical terms in Hamiltonian to maintain
the integrability, though these terms may be irrelevant[15]. Noticing the fact
that the open boundary theory is very useful to formulate both the thermo-
dynamics and the transport properties of the quantum chain with impurities,
Gaudin considered the nonlinear Schro¨dinger model and the spin-1/2 Heisen-
berg chain with simple open boundary[12], then Schulz and Alcaraz[13, 14]et al.
generalized it to Hubbard and other models. In recent researches, the spin-1/2
XXX chain with arbitrary spin impurities[15] and spin-1/2 XXZ chain with
spin-1/2 impurities[16] have been discussed.
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In this paper we consider the impurity effects of the 19-vertex model which
is associated with spin-1 representation of sl2. This model is the simplest ex-
tension of the six-vertex model. Yue have obtained the precise elliptic solution
of the Yang-Baxter equation of the spin-1 Heisenberg chain[17] by using the
fusion procedure. In this paper we only use the rational limit of the solution.
The outline of this paper is as follows. In Section 2 we introduce the 19-
vertex model briefly and discuss the integrability of 19-vertex with impurities.
Then we construct the transfer matrix and its eigenvalues in the frame of
algebraic Bethe ansatz in section 3. A brief discussion about the results is
given in the last section.
2 The Spin-1 XXXHeisenberg Chain with Im-
purities
The R-matrix of ordinary spin-1 XXX Heisenberg chain can be derived by
using the fusion method[17, 25]. It takes the form
R(u) = ρ(u)


a1 0 0 0 0 0 0 0 0
0 a2 0 a3 0 0 0 0 0
0 0 a4 0 a5 0 a6 0 0
0 a3 0 a2 0 0 0 0 0
0 0 a5 0 a7 0 a5 0 0
0 0 0 0 0 a2 0 a3 0
0 0 a6 0 a5 0 a4 0 0
0 0 0 0 0 a3 0 a2 0
0 0 0 0 0 0 0 0 a1


, (1)
where
ρ(u) = 1/(u+ 2), a1 = u+ 2, a2 = u, a3 = 2,
a4 = u(u− 1)/(u+ 1), a5 = 2u/(u+ 1), a6 = 2/(u+ 1), a7 = u+ a6.
It satisfies the Yang-Baxer equation
R12(u− v)
1
T (u)
2
T (v) =
2
T (v)
1
T (u)R12(u− v), (2)
where R12 acts on the auxiliary space V ⊗ V . The T acts on quantum spaces
as v1 ⊗ v2 ⊗ · · · ⊗ vN , with the notation
1
A= A ⊗ 1,
2
A= 1 ⊗ A, and T (u) is
defined by
T (u) =
N∏
j=1
Rij(u).
In order to construct the integrable 19-vertex model with open boundary
condition, we introduce the reflection equation
R12(u− v)
1
K (u)R21(u+ v)
2
K (v) =
2
K (v)R12(u+ v)
1
K (u)R21(u− v), (3)
2
where K is the reflecting matrix which determines the boundary terms in the
Hamiltonian. One can prove that the double-row monodromy matrix defined
by U(u) = T (u)K(u)T−1(−u) satisfies the above reflection equation.
R12(u− v)
1
U (u)R21(u+ v)
2
U (v) =
2
U (v)R12(u+ v)
1
U (u)R21(u− v). (4)
The dual K-matrix K+(u) can be defined by the automorphism
[24]
φ : K(u)→ K+(u) = K
t(−u− η). (5)
It satisfies the dual refection equation
R12(−u+ v)
1
K+ (u)R12(−u− v − 2η)
2
K+ (v)
=
2
K+ (v)R12(−u− v − 2η)
1
K+ (u)R12(−u+ v). (6)
Then the transfer matrix can be defined by
t(u) = trK+(u)U(u), . (7)
One can check that the transfer matrix satisfies the commutative relation
[t(u), t(v)] = 0. (8)
Now we couple the spin-1 Heisenbser chain with two spin-1 impurities which
is located at both ends of the system. The L-operator satisfying Yang-Baxter
relation takes the form
Ln(u) =
2(~S · ~Sn)
2 + 2(u+ 1)~S · ~Sn + u
2 + u− 2
(u+ 1)(u+ 2)
, (9)
with n = 1, 2, · · · , N, a, b and ~S defined by
S1 = 1√
2

 0 1 01 0 1
0 1 0

 , S2 = 1√
2

 0 −i 0i 0 −i
0 i 0

 , S3 =

 1 0 00 0 0
0 0 −1

 .
The spin-1 operators ~Sn act on the n-th quantum space. Then we define
T (u) = Lb(u+ cb)LN(u)LN−1(u) · · ·L2(u)L1(u),
T˜ (u) = T−1(−u) = L1(u)L2(u) · · ·LN−1(u)LN(u)Lb(u− cb), (10)
where cb is arbitary constant.
Then we put
K+(u) = 1,
K(u) = La(u+ ca)La(u− ca). (ca is also a constant) (11)
3
Obviously K(u) and K+(u) satisfy the reflection equation (3) and the dual
reflection eqution (6) respectively . One can check that they also satisfy the
commutative relation(8).
From equation (8), we can obtain infinit number of conserved quantities
by expanding t(u) in terms of u, which ensures the integrability of this model.
The Hamiltonian of this model can be written as
H =
d
du
trτK+U(u) |u=0 . (12)
After some calculation, we obtain the precise result of the Hamiltonian up to
a constant
H =
N−1∑
j=1
[
−(~sj · ~sj+1)
2 + ~sj · ~sj+1
]
+Ja
[
(~s1 · ~sa)
2 + (c2a − 1)~s1 · ~sa
]
+ Jb
[
(~sN · ~sb)
2 + (c2b − 1)~sN · ~sb
]
,(13)
where
Ji = −
4
(c2i − 4)(c
2
i − 1)
, (i = a, b).
3 Algebraic Bethe Ansatz for the Impurities
Model
As usual, we rewrite the monodyomy matrix as
U(u) =

 A(u) B1(u) B2(u)C1(u) D1(u) B3(u)
C2(u) C3(u) D2(u)

 , (14)
and define the vacuum state by
|0〉 =
N,b∏
j=a,1
⊗


1
0
0

 . (15)
Applying U(u) on the vacuum state, one can directly check
Bi(u)|0〉 6= 0, Ci(u)|0〉 = 0. (i = 1, 2, 3) (16)
In order to simplify our calculation, we introduce the transformation
Dˆ1(u) = D1(u)−
1
u+ 1
A(u),
Dˆ2(u) = D2(u)−
1
u
Dˆ1(u)−
1
(u+ 1)(2u+ 1)
A(u). (17)
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Under the new notation, the transfer matrix can be written as
t(u) = A(u) +D1(u) +D2(u)
= w+1 A(u) + w
+
2 Dˆ1(u) + w
+
3 Dˆ2(u)
=
2u+ 3
2u+ 1
A(u) +
u+ 1
u
Dˆ1(u) + Dˆ2(u). (18)
where we have introduced w+i (i = 1, 2, 3) for convenience. Then, we can
find the eigenvalues of A(u), Dˆ1(u), Dˆ2(u) as
A(u)|0〉 = w1|0〉, Dˆ1(u)|0〉 = w2|0〉,
Dˆ2(u)|0〉 = w2|0〉,
(19)
where
w1 = 1,
w2 =
u
u+ 1
·
u2N
(u+ 2)2N
·
(u2 − c2a)(u
2 − c2b)
((u+ 2)2 − c2a)((u+ 2)
2 − c2b)
,
w3 =
2u− 1
2u+ 1
·
[u(u− 1)]2N
[(u+ 1)(u+ 2)]2N
·
(u2 − c2a)(u
2 − c2b)[(u− 1)
2 − c2a][(u− 1)
2 − c2b ]
[(u+ 1)2 − c2a][(u+ 1)
2 − c2b ][(u+ 2)
2 − c2a][(u+ 2)
2 − c2b ]
.
From the reflection equation (4), we have
a−1 a
+
2 B1(u)A(v) = a
+
1 a
−
2 A(u)B1(v)
+ a+3 a
−
2 B1(u)D1(v) + a
+
2 a
−
3 B1(u)A(v), (20)
with the nonations a±i = ai(u±v), (i = 1, 2, · · · , 7). Replacing D1 with Dˆ1 ,we
find the commutative relation of the A(u) and B1(v) on vacuum state,
A(u)B1(v)|0〉 =
(u+ v)(u− v − 2)
(u− v)(u+ v + 2)
B1(v)A(u)|0〉
−
2
u+ v + 2
B1(u)Dˆ1(v)|0〉
+
2v
(v + 1)(u− v)
B1(u)A(v)|0〉. (21)
Similarly, we also find the following two equations
A(u)B1(v)a
+
3 a
−
3 +D1(u)B1(v)a
+
2 a
−
2 + B1(u)D1(v)a
+
7 a
−
3
+ B3(u)D1(v)a
+
5 a
−
2
= B1(v)A(u)a
+
5 a
−
5 +A(v)B1(u)a
+
3 a
−
7 + B1(v)D1(u)a
+
7 a
−
7
+A(v)B3(u)a
+
2 a
−
5 + B1(v)D2(u)a
+
5 a
−
5 ,
(22)
B1(u)A(v)a
+
5 a
−
3 + B3(u)A(u)a
+
4 a
−
2
= B1(v)A(u)a
+
5 a
−
6 +A(v)B1(u)a
+
3 a
−
5 + B1(v)D1(u)a
+
7 a
−
5
+A(v)B3(u)a
+
2 a
−
4 + B1(v)D2(u)a
+
5 a
−
4 .
(23)
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Solving the above equations and substituting the commutative relation of A
and B1 into it, we obtain the commutative relation of Dˆ1 and B1 on the vacuum
state,
Dˆ1(u)B1(v)|0〉 =
(u+ v)(u− v + 1)(u− v − 2)(u+ v + 3)
(u− v)(u+ v + 1)(u− v − 1)(u+ v + 2)
B1(v)Dˆ1(u)|0〉
−
2 [u(u+ v) + (u+ 2v)]
(u+ 1)(u− v)(u+ v + 1)
B1(u)Dˆ1(v)|0〉
+
2v [u(u− v)− (u+ 2v + 4)]
(u+ 1)(v + 1)(u− v − 1)(u+ v + 2)
B1(u)A(v)|0〉 (24)
−
2
u+ v + 1
B3(u)Dˆ1(v)|0〉+
2v
(v + 1)(u− v − 1)
B3(u)A(v)|0〉.
Using the similar procedure we can find the third commutative relation
Dˆ2(u)B1(v)|0〉 =
(u− v + 1)(u+ v + 3)
(u− v − 1)(u+ v + 1)
B1(v)Dˆ2(u)|0〉
+
4(u+ 1)
u(2u+ 1)(u− v − 1)
B1(u)Dˆ1(v)|0〉
−
4v(u+ 1)
u(2u+ 1)(v + 1)(u+ v + 1)
B1(u)A(v)|0〉 (25)
−
2(u+ 1)
u(u− v − 1)
B3(u)Dˆ1(v)|0〉+
2v(u+ 1)
u(v + 1)(u+ v + 1)
B3(u)A(v)|0〉.
Applying the transfer matrix t(u) on the one-particle state |v〉 = B1(v)|0〉,
we have
t(u)|v〉 =
{
w1w
+
1
(u+ v)(u− v − 2)
(u− v)(u+ v + 2)
+w2w
+
2
(u+ v)(u− v + 1)(u− v − 2)(u+ v + 3)
(u− v)(u+ v + 1)(u− v − 1)(u+ v + 2)
(26)
+w3w
+
3
(u− v + 1)(u+ v + 3)
(u− v − 1)(u+ v + 1)
}
|v〉
under the following constrain
(v + 1)2N [(v + 1)2 − c2a][(v + 1)
2 − c2b ]
(v − 1)2N [(v − 1)2 − c2a][(v − 1)
2 − c2b ]
= −1. (27)
From the reflection equation (4), we can construct the two-particle excited
state as
|v1, v2〉 = {B1(v1)B1(v2) +
2
v1 + v2 + 1
B2(v1)D1(v2)
−
2(v1 + v2 − 1)
(v1 − v2 − 1)(v1 + v2 + 1)
B2(v1)A(v2)}|0〉, (28)
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which is symmetric in v1, v2 up to a whole factor. Applying the transfer matrix
on the above state, one can find a lot of “unwanted terms”. To ensure the
above state to be the eigenstate of the transfer matrix, the “unwanted terms”
mush vanish. However, in present case, the calculation become much more
complicated that we expected. We have to apply the functional Bethe ansatz
method which was first proposed for the Ising model[23]. The key idea is that
the eignvalue is an entire function. Generally, the eigenvalue has superficial
poles. The analytic property of the eigenvalue requires its residues at these
poles to be zero, which give the Bethe ansatz equations. The fact that the
results obtained here coincide with those obtained by other methods suggests
that this Bethe ansatz method is sound.
Tarasov et al argued that the functional BA method valided in two-particle
case can be generalized to m-particle excitated states (Ref.[18-22]). Applying
the transfer matrix to the m-particle excitated states |v1, · · · , vm〉, we obtain
the eignvalue
tm(u|v1, v2, · · · , vm) = w1w
+
1
m∏
i=1
(u+ vi)(u− vi − 2)
(u− vi)(u+ vi + 2)
+w2w
+
2
m∏
i=1
(u+ vi)(u− vi + 1)(u− vi − 2)(u+ vi + 3)
(u− vi)(u+ vi + 1)(u− vi − 1)(u+ vi + 2)
+w3w
+
3
m∏
i=1
(u− vi + 1)(u+ vi + 3)
(u− vi − 1)(u+ vi + 1)
, (29)
where v1, · · · , vm should satisfy the following restrictions
(2vj + 1)(vj + 1)
2N [(vj + 1)
2 − c2a][(vj + 1)
2 − c2b ]
(2vj − 1)(vj − 1)2N [(vj − 1)2 − c2a][(vj − 1)
2 − c2b ]
=
m∏
i=1
(vj − vi + 1)(vj + vi + 1)
(vj + vi − 1)(vj − vi − 1)
.
(30)
4 Discussion
With the algebraic Bethe ansatz method, we have obtained the exact diagonal-
ization Hamiltonian of the spin-1 XXX Heisenberg chain with impurities. This
result can be used to discuss the other properties of the system when impurities
coulpe to the chain, such as the thermodynamics, the transport property et al.
The Hamiltonian of the other high spin Heisenberg chain can also be obtained
by using the similar method. It is also a good course to study the arbitrary
spin impurities coupled to the Heisenberg chain. And it seems to bring us more
information about impurity effects in strongly correlated electron systems.
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